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Critical jump sizes in DNA–protein interactions

R. Murugan *

Department of Chemical Sciences, Tata Institute of Fundamental Research Homi Bhabha Road, Colaba, Mumbai, 400005, India

Received 27 September 2005; received in revised form 29 October 2005; accepted 29 October 2005

Available online 1 December 2005
Abstract

Interaction of a protein molecule with a specific-site on the DNA lattice can be modeled as an unbiased random jump process. Here we show

that there exists a critical jump size (kc) beyond which site-specific association of a protein molecule with a DNA lattice cannot be facilitated. The

maximum achievable association rate is predicted to be ¨1010 mol�1 s�1. This critical jump size scales with the total length of DNA lattice (N) as

kc”N2 / 3. Beyond kc the mean first passage time MFPT (denoted as T) required for the protein molecule to target the specific-site follows a linear

scaling law as T”N rather than the usual T”N2 scaling law. On the basis of these results we argue that the evolution of the super coiled

structures of the genomic DNA must be a consequence of the existence of this critical jump sizes. We finally show that the random jump method

of searching for the specific-site by the protein molecule on the DNA lattice itself introduce an abstract linear type potential favoring the site-

specific association rate.

D 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Recognition of a specific sequence of DNA by a protein

molecule in presence of an enormous amount of non-specific

sequences plays a central role in molecular biology especially

in the replication (recognition of the origin of replication by

DNA-polymerase) and the transcription (recognition of pro-

moter by RNA-polymerase) of the genetic material [1–10].

Since almost all the cellular processes are taking place in a

three dimensional space, it is natural to consider the mode of

recognition of the specific-site of DNA by a protein molecule

as a three dimensional diffusion-controlled process. However

earlier in vitro studies on the interaction of the lac Operator (a

specific DNA sequence) with the lac Repressor protein showed

an association rate of 109–1010 mol�1 s�1 which was higher

than that of the diffusion controlled rate in aqueous medium

[9]. Later, aforementioned paradox was resolved by consider-

ing the DNA–protein interaction as two-step processes where

the binding of the protein to the non-specific sites of DNA is
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the first step and subsequent recognition of the specific-site by

facilitated one-dimensional searching processes such as sliding,

hopping and inter segmental transfers constitute the second

step [9,11]. Earlier treatments assumed an existence of a free

energy correlation towards the specific-site along the DNA

lattice to explain the observed site-specific association rate.

Moreover aforesaid facilitating processes were assumed to be

independent of each other but with cumulative effect in

enhancing the site-specific association rate [9]. Nevertheless

no such free energy correlations or bias pointing towards the

specific-site have been identified along the DNA lattice so far.

Recently we have shown that [11] the existence of the free

energy correlation is not necessary when the protein molecule

searches for the specific-site on DNA lattice by unbiased

random jumps. Moreover, simple calculations have revealed

that in order to enhance the diffusion controlled rate (¨108

mol�1 s�1) to a magnitude of ¨1010 mol�1 s�1 or beyond, the

required jump size should satisfy [11] the inequality 2N2 / 3�
k <N where N is the total length (in base pairs, bp) of the DNA

lattice under consideration and k denotes the jump size. For

example, if N =103 bp then a minimum jump size of k�200 bp

is required to enhance the diffusion controlled rate to two

orders of magnitude. Here one should note that the size of

recognition site of DNA corresponding to a particular protein is
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generally very small compared to that of the genome size, e.g.,

in case of E. coli, the genome size is N�4�106 bp whereas

the length of the recognition stretch of RNA polymerase in

only 60–100 bp (consists of TATA and CAAT box [see Ref.

[8]]). But the required jump size to enhance the diffusion

controlled associated rate to two orders of magnitude is

k�5�104 bp which is much higher than the length of the

recognition stretch of RNA polymerase. In this article we

investigate the effect of increasing jump size k on the rate

associated with the site-specific interaction of protein with

DNA lattice.

2. Theory and mathematical derivations

Let us consider a protein molecule which has non-

specifically bound to the DNA lattice of N +x bp in length

and currently searching for the specific-site by unbiased

random jump motion with a jump size of k bp. At any time

t, the position of the protein molecule on the DNA lattice is

denoted by the variable x where x is such that 0�x�N +x.

Here x is the length of the non-specific DNA that flanks the

DNA stretch in the upstream of [0, N] and the set of lattice

points {0, N +x} are the helical ends of the DNA under

consideration. We assume that starting from the lattice position

x =x0 the probability of finding the protein molecule after a

jump anywhere in the interval x0�k�x�x0+k is 1 /2k [see

Ref. [11] for a justification]. Here we consider x =0 as the

reflecting boundary (due to the two step assumption) and let us

assume that the recognition site is a set of DNA lattice points in

the interval such that [N, N +d] where d is the length of the

recognition stretch and dNx in the present context. The

master equation that describes aforementioned phenomenon in

dimensionless form is given as follows (contrasting to Ref.

[11], where the factor w =transition rate� transition probability

was used, here we set transition rate=1 and transition

probability=1 /2k).

BtP ¼
Xk
i¼1

Pxþi;t þ Px�i;t � 2Px;t

� �
: ð1Þ

Here P denotes the probability of observing the protein

molecule at the specified position on the DNA lattice at a given

time t. The corresponding Fokker–Plank equation (FPE) is,

BtP ¼ D=2ð ÞB2
xP: ð2Þ

Where the phenomenological one dimensional diffusion

coefficient can be given as,

D ¼ 1

k

Xk
i¼1

i2 ¼ 6 k þ 1ð Þ 2k þ 1ð Þ½ ��1: ð3Þ

Under the condition that k�d the mean first passage time

(MFPT) denoted as T(x0,N|k) taken by the protein molecule to

escape from the domain [0, N] starting from the lattice position

x0=0 can be calculated from the [11,12] corresponding

backward Fokker–Plank equation (Eq. (4)) with a reflecting

boundary condition at x =0 where dxTx |x=0 = 0 and an
absorbing boundary condition at x >N where Tx|x>0=0 as

follows.

d2x Tx ¼ �
2

D
ð4Þ

Upon integrating Eq. (4) with the appropriate boundary

conditions one obtains,

T x0 ¼ 0;N jkð Þ ¼ 6N2 k þ 1ð Þ 2k þ 1ð Þ½ ��1: ð5Þ

However, when k >d there is a definite probability for the

protein molecule to escape out in to the non-specific flanking

domain [N +d, N +x] without actually getting absorbed at the

specific stretch [N, N +d]. In this situation Eq. (5) is clearly

not valid. It is obvious to note that the MFPT will be more

than that is predicted by Eq. (5) since those trajectories falling

outside the interval [0, N +d] without actually getting

absorbed at the specific-stretch [N, N +d] has to pass through

long routes before they come back and get absorbed at the

specific-stretch [N, N +d]. Here one should note that apart

from x =0 there is a reflecting boundary at x =N +x, too.

Since we have three boundary conditions i.e. reflecting bound-

aries at the lattice positions {0, N +x} and an absorbing

boundary in the specific stretch [N, N +d], neither Eq. (2) nor
Eq. (4) can be solved analytically. However, one can easily

compute the MFPT as follows. For simplicity we consider a

situation where d =0 and x =1 which means that only the

position x =N is the absorbing boundary and those trajectories

falling outside the interval [0, N] will be injected back into

the same domain [0, N] by introducing a reflecting boundary

at x =N +1 until all the trajectories pass through the lattice

position x =N.

Now we consider only the interval [0, N�1] and let us

compute the MFPT associated with the protein molecule to

escape only through the point x=N. We consider M number of

trajectories starting from the position x =x0 where 0<x0<N.

Suppose if the jump size is k=1 then it is obvious to note that

all the trajectories will pass through and get absorbed at x =N.

However when k >1 the protein molecule may hit any one of

the lattice points on the DNA lattice in the set

x ={N,N +1,N +2, . . .,N + k} among which only x =N is

productive and therefore the MFPTs associated with the

positions at x ={N +1,N +2, . . .,N +k} simply add up to the

MFPT associated with the position at x =N with appropriate

weighting factors. Here one should note that among M

number of trajectories, M/k number of trajectories will end at

the position x =N (and get absorbed) with a MFPT that is

given as,

TLR; x0;0 ¼
N2 � x20

D
: ð6Þ

And M(i /k) number of trajectories will end in the interval

[N +1, N + i] with MFPTs which can be given as follows.

TLR; x0;i ¼
N þ ið Þ2 � x20

D
: ð7Þ
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Therefore the overall MFPT associated with the escape of

the protein molecule only through the lattice position x =N is

given by the weighted sum,

TN x0 ¼ 0;N jkð Þ ¼
Xk
i¼0

liTLR;x0;i ð8Þ

where the weighting factor is given as li = i /k. Using the

summation formula given by Eq. (8), when x0=0, the overall

MFPT taken by a protein molecule to escape from the domain

[0, N] through only the lattice point [x =N] can calculated to

be,

TN x0¼ 0;N)kð Þ ¼ TN x0 ¼ 0;N)kð Þ þ 2N þ 3k k þ 1ð Þ
2 2k þ 1ð Þ : ð9Þ

Here one should note that for large jump sizes Eq. (9) can be

approximated as TN x0 ¼ 0;N jkð Þ, 3N2

k2
þ 2N þ 3k

4
from which

we find that there exists a minimum value of MFPT at the

critical jump size k =kc=2N
2 / 3 where the first derivative of

MFPT with respect to the jump size k vanishes i.e.

dkTN 0; kj0ð Þjk¼kc ¼ �
6N2

k3c
þ 3

4
¼ 0. In other words at this

critical jump size the site-specific association rate is a

maximum since the association rate is inversely proportional

to the MFPT.

Our earlier studies [11] have shown that the jump size kr that

is the required to increase the diffusion controlled site-specific

association rate of protein with DNA (¨108 mol�1 s�1) to two

orders of magnitude satisfies the inequality 2N2 / 3�kr�N

where N is size of the DNA lattice under consideration. In this

context Eq. (9) clearly states that unlike in case Eq. (5) the

MFPT is almost constant (�2N) at the jump sizes k�kc (here

we should note that k <N). Therefore, increasing the jump size

beyond kc=2N
2 / 3 will not enhance the association rate of

protein molecule with its specific-site on the DNA lattice

which means that even by the random jump method of

searching the site-specific association rate cannot be enhanced

beyond ¨1010 mol�1 s�1. It is interesting to note that most of

the DNA–protein interaction systems studied so far have

shown the association rate in the range of 109–1010 mol�1

s�1 which in turn aggress well with our prediction. One can

easily guess that energy input (in the form of ATPs) will be

necessary to enhance the site-specific association rate beyond

this limit.

So far we have assumed a perfect absorbing boundary

condition (irreversibility condition) for the protein molecule at

the specific-site on the DNA lattice which is an over

simplification of the underlying process since there is always

a probability such that Pe > 0 associated with the site-

specifically bound protein molecule to escape in to the non-

specific region of the DNA lattice under consideration

(reversibility condition). One can easily compute the magni-

tude of Pe as follows. Suppose let us assume that the current

position of the protein molecule on the DNA lattice is

x =N�1. When the jump size is k bp, the probability

associated with the protein molecule to find the specific-site

x =N in the next step is simply 1 /2k. Therefore at any time the

probability associated with escape of the site-specifically
bound protein molecule into the non-specific region should

be proportional to 1 / 2k , i.e. Pe =a / 2k (here a is the

proportionality constant), which indicates that under critical

jump conditions k�kc and when aN1, the effect of escape of

the site-specifically bound protein molecule into the non-

specific region of the DNA on the overall MFPT is negligible

and the prediction by Eq. (9) is still valid.

In a living cell various genes are simultaneously expressed

in order to carry out diverse cellular functions. For a proper

cellular function a coherent and coordination control is

necessary among the expression of various genes. In other

words each gene should possess equal probability to get

expressed. This can be achieved only if the probabilities of

finding various promoters by the RNA polymerase are equal all

over the genomic DNA. From our theory we can conclude that

this condition is achieved only when the RNA polymerase

searches for the promoters via unbiased random jumps with the

jump size equal to or beyond the critical jump size i.e. k�kc.

Here we should note that as the jump size k increases, the

contribution of sliding (here the step size is unit bp) to the

enhancement of site-specific DNA-protein interaction rate

decreases. Since the critical jump size kc positively correlates

with the total size of the DNA (N), we can conclude that the

contribution of sliding to the enhancement of site-specific

DNA–protein interaction rate decreases as the size of the DNA

increases [11]. Moreover, existence of the critical jump size kc
in turn confirms the presence of sliding phenomenon in the

site-specific association of a protein molecule with the

template DNA.

3. Simulation results and discussion

In order to check the validity of the Eq. (9) we have carried

out the random walk simulation studies. Here the settings are as

follows. N =100, the position x =0 and x =N +1 are the

reflecting boundary and only the position x =N is the absorbing

boundary and we assume d =0 and x =1. The protein molecule

jump right or left with equal probabilities and the total number

of trajectories used for averaging is 105. When the jump size is

k, the probability of observing the protein molecule starting

from the position x anywhere in the interval [x�k, x +k] is 1 /

2k. When (x� i)<0, the protein molecule will be reflected such

that the new position is �x + i. Similarly when (x+ i)>N then

the protein molecule will be put back in to the interval [0, N]

such that the new position is 2N�x� i. When x + i=N the

protein molecule is removed from the interval [0, N]. The

simulated TN(x0=0, N =100|k) as well as the theoretical

prediction is shown in Fig. 1, which clearly proved the validity

of Eq. (9) and therefore the arguments corresponding to DNA–

protein interactions those we be put forth based on Eq. (9) are

indeed valid.

From Eq. (9) we can conclude that when k�kc the MFPT

taken by the random walker to escape from the domain [x0, N]

through the point x =N scales approximately linear with the

total length (N), i.e. TN(x0,N|k�kc)”N rather than the usual

observation, i.e. TN(x0, N|k <kc)”N2. It is interesting to note

that when a one dimensional random walker moves in linear
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Fig. 1. MFPT of a random walker through the position x =N from the domain

[0, N] starting from x0=0 as the function of jump size k. Here N =100, the

position x =0 is the reflecting boundary and only the position x =N is the

absorbing boundary. Total number of random walk trajectories used to compute

the MFPT is 105. The vertical dotted line at kc=2N
2 / 3�44 denotes the critical

jump size beyond which the MFPT is almost independent of the jump size k.

The solid line is the theoretical prediction by Eq. (9).
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potential such as f(x)=�bx, the MFPT required for escaping

from the domain [x0, N] can be easily derived from the

corresponding stochastic differential equation x˙ =b +C(t).

Here bC(t)C(t)�=D and the Fokker–Plank equation now

becomes,

BtP x; tð Þ ¼ � bBxP x; tð Þ þ D=2ð ÞB2
xP x; tð Þ: ð10Þ

Since the MFPT (T) obeys the backward FPE that is given

as bdxT þ D=2ð Þd2x T ¼ � 1, using the reflecting boundary

condition at x =0 as dxT|x = 0 and absorbing boundary condition

at x =N as T(N)=0 we get,

T x0 ¼ 0;Nð Þ ¼ 1

b
N � D

2b
1� e�

2bN
D

�� ��
: ð11Þ

Under the condition that b =1 and assuming a pure one step

unbiased random walk (i.e. D =1) one can easily show that

T(x0=0, N)�N, i.e. in presence of a linear potential directed

towards the absorbing boundary, the MFPT required to escape

form the domain [0, N] scales approximately linear with N as

in the case of random jumps with jump size k�kc. In other

words random jump method of searching for the target site

itself introduces an abstract linear potential when k�kc.

Nevertheless this abstract potential does not possess the

uni-directionality, i.e. similar to the form f(x)=�b|x| and

from the comparison of Eqs. ((9) and (11)) one can easily

guess that b ¼ 1
2
in the present context. Therefore we can

conclude that under unbiased random jump conditions, ex-

istence for a free energy bias towards the specific-site on the

DNA lattice is not necessary since the random jump method

of searching itself introduces an abstract linear potential

favoring the movement of the protein molecule towards the

target site.
Another interesting phenomenon that we observe from Eq.

(9) is that when k�kc the MFPT that is required to escape from

the domain [0, N] is almost independent of the initial position

x0. However the critical jump size kc is still a function of x0.

When x0m0, the MFPT that is given by Eq. (9) takes the form

as follows.

TN x0;N jkð Þ ¼ T x0;N jkð Þ þ 2N þ 3k k þ 1ð Þ
2 2k þ 1ð Þ : ð12Þ

Here one should note that,

T x0;N jkð Þ ¼ 6 N 2 � x20
� 	

k þ 1ð Þ 2k þ 1ð Þ½ ��1: ð13Þ

And therefore the modified kc takes the form as follows.

kc sð Þ ¼ 2 s 2N � sð Þ½ �1=3: ð14Þ

Here s = |N�x0| is the absolute distance between the

specific-site and the initial position of the protein molecule

on the DNA lattice. A plot of the function given by Eq. (14) is

given in Fig. 2, which clearly shows that as the protein

molecule moves closer to the target site the critical jump size

that is required to maximize the target finding rate diminishes,

i.e. the search efficiency increases. The requirement of higher

jump sizes can be positively correlated to the amount of energy

that is drawn by the protein molecule from the heat bath. If we

consider two different positions of the protein molecule x1 and

x2 such that x1<x2<N, it is obvious to note that the amount of

energy required to attain the critical jump size at the position x1
is higher than that of the energy required at the position x2,

which in turn generates an energetic directionality towards the

target site (N). Moreover requirement of lesser magnitude of

critical jump sizes towards the target site on the DNA lattice

indirectly indicates that as the protein molecule moves closer to

the target site the contribution of sliding (random walk with

unit step size) increases.
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4. Conclusions

The site-specific association of a protein molecule with a

DNA lattice can be modeled as a one dimensional unbiased

random jump process. Here we investigate the effect of the

jump size k (in base-pairs) on the site-specific association rate.

We show that there exists a critical jump size (kc�2N2 / 3)

beyond which site-specific association of a protein molecule

with a DNA lattice cannot be facilitated and the maximum

achievable association rate is predicted to be ¨1010 mol�1 s�1.

This critical jump size scales with the total length of DNA

lattice (N) as kc”N2 / 3. Beyond kc the mean first passage time

MFPT (denoted as T) required for the protein molecule to

target the specific-site follows a linear scaling law as T”N

rather than the usual T”N2 scaling law. We also show that the

random jump method of searching for the specific-site by the

protein molecule on the DNA lattice itself introduce an abstract

linear type potential favoring the site-specific association rate.

We discuss the consequences of the existence of such critical

jump sizes in the context of origin of super coiled structures of

the genomic DNA in due course of evolution.
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